Abstract. First we compute the Smale invariant of a certain immersion of the 3-sphere into 4-space, originally introduced by Milnor. Our computation is based on a concrete construction of a singular map extending the given immersion, where we utilise unfoldings of a certain complex map germ, regarded as a real map germ. The result implies that the immersion has order 8 in the oriented cobordism group of codimension one immersions of 3-manifolds, identified with the stable 3-stem. This recovers a result due to Ekholm that the immersion has odd Brown invariant. We next apply the same method for another immersion to show that it then represents a generator. Furthermore, we show that this second immersion coincides with Melikhov's example of an immersion with non-trivial stable Hopf invariant and consequently that his immersion actually represents a generator of the stable 3-stem.
Introduction
Consider a self-transversal immersion of the (oriented) 2-dimensional sphere S is an immersion of S 3 , which we denote by G. The immersion G : S 3 R 4 was apparently first studied by Milnor [18, (11) , §IV] and has since appeared in several papers (e. g. [12, 4] ). It will be the first object of study of this paper.
Denote by Imm[S n , R N ] the group of regular homotopy classes of immersions of S n into R N . The group Imm[S n , R N ] is known to be isomorphic to the homotopy group π n (V N,n ) of the Stiefel manifold, via the Smale invariant [26] . We compute the Smale invariant of the immersion G ∈ Imm[S 3 , R 4 ] and show that it equals (3, −3) ∈ π 3 (V 4,3 ) ≈ π 3 (SO 4 ) ≈ Z ⊕ Z. This implies that G has order 8 in the stable 3-stem π 
R
4 is equal to (7, −6) . This implies that the immersion f 4 • π 4 represents a generator of the stable 3-stem π S 3 . Furthermore, this immersion turns out to coincide with the immersion given by Melikhov [17] , and hence our computation shows that his immersion not only has non-trivial stable Hopf invariant [17, Example 4] , but also represents a generator in π S 3 ≈ Z 24 . Our computations are carried out by using the notion of a singular Seifert surface, which was introduced by Ekholm and Szűcs [5] and has since proved to be quite useful in the study of embeddings, immersions, and other maps (see [1, 5, 6, 10, 25, 30] for example). In fact, one of the main points of this paper is a concrete construction, given in §3, of a singular Seifert surface for the immersion G above. In the construction, we consider perturbations derived from the versal unfolding of a certain complex map germ, regarded as a real map germ. This feature seems to be potentially interesting, since this idea might be used for constructions of stable maps or other singular maps with desired properties in more general settings.
We shall work in the smooth category throughout; all manifolds and immersions are assumed to be differentiable of class C ∞ . All spheres are assumed to be oriented. We also mention that when inducing an orientation on the boundary of a manifold, we use the "outward normal first" convention, as in [9, 11] . 
4 induces the stable framing via the bundle isomorphism
, where ǫ 1 denotes the trivial line bundle, and the homotopy class of the stable framing is completely characterised by two integers: the degree D (f ) and the Hirzebruch defect H (f ) (for the definitions, see [11] ). Note that the degree here is nothing but the normal degree [18] for the given immersion f .
By the Smale-Hirsch h-principle, the regular homotopy class bijectively corresponds to the homotopy class of the induced stable framing; hence the Smale invariant Ω(f ) ∈ π 3 (SO 4 ) ≈ Z ⊕ Z is determined by D (f ) and H (f ). In fact, we know by [11, Theorems 2.2(a) and 2.5(a)] how these two invariants behave under the action of SO 4 with respect to the two generators of π 3 (SO 4 ) given in [27, p. 117] . Furthermore, by [11, Theorems 2.2(b) and 2.5(b)], we know that D (ι) = 1 and H (ι) = 0 for the standard inclusion ι : S 3 ֒→ R 4 , which can be extended to the inclusion of the 4-disc D 4 . By using these facts, we obtain the following formula for the Smale
Note that here we follow Hughes' convention of the Smale invariant [9, §2] . Namely, we have chosen the formula (2.1) so that for an immersion f : S 
, where the last map is the J-homomorphism (see [9, p. 180] ). In fact, we have the isomorphism
where µ(M 3 , s f ) ∈ Z 16 is the µ-invariant of M 3 with respect to the spin structure s f induced by f (see [30] ). Note that µ(S 3 , s f ) is always equal to zero in Z 16 .
2.3.
A singular Seifert surface and Stingley's index. Even when an immersion f : S 3 R 4 cannot extend to an immersion of a compact oriented 4-manifold (as in the last part of §2.1), we can read off its Hirzebruch defect from its extension by a map with singularities. For a given map (embedding, immersion, generic map, etc.), its extension by a smooth map with singularities is often called a singular Seifert surface. This notion is apparently a variant of a Seifert surface for a knot, but the precise definition seems to have been given in each case after the notion was introduced by Ekholm and Szűcs [5] .
In [30] , the author considers a generic map f : V 4 → R 4 from a compact oriented 4-manifold with f | ∂V 4 = f and with no singularity near the boundary ∂V 4 . Then, the Hirzebruch defect H (f ) is expressed as
where ♯Σ 2,0 ( f ) is the (algebraic) number of umbilic points of f . This was essentially proved in [30, Proof of Lemma 3.2] (although the sign convention there is not the same as the one here; see Remark 2.6 below). The proof was based on the Thom polynomial for umbilic singularities of a generic map g :
where p 1 stands for the first Pontrjagin class and [M 4 ] is the fundamental class in H 4 (M 4 ; Z). Here, we want to loosen the conditions for a singular Seifert surface. 4 , and whose rank is greater than or equal to 2 everywhere and drops to 2 only at isolated points.
Note that if f is a generic map its possible singularities are only Morin singularities of rank 3 and isolated umbilic points of rank 2, and therefore a singular Seifert surface in the sense of [30, §2.1] is also a singular Seifert surface in the sense defined here.
Smooth maps between oriented 4-manifolds whose rank drops to 2 at isolated points have been studied by Stingley [28] in detail. Associated to each rank 2 point of such a map, he gave a definition of its index [28, §2] . In this paper, as the definition of the index we instead use the formula [28, Lemma 2.1], with opposite sign convention (see Remark 2.6 below). Definition 2.3. Let g be a smooth map from an oriented 4-manifold to another 4-manifold and p be an isolated rank 2 point of g. Assume that at p the map g is locally given by g :
where A and B are smooth functions and (u, v, x, y) = (0, 0, 0, 0) is the only rank 2 point. Then, the index ind p (g) at the point p is defined as
and deg(ĝ) is its degree around (0, 0, 0, 0).
Note that the index of an umbilic point equals −1 or 1, which we can regard as the sign of the umbilic point.
Remark 2.4. In Definition 2.3, if we change the orientation of the source manifold then the index of each rank 2 point changes its sign, while it does not depend on the orientation of the target manifold.
For a smooth map g between compact oriented 4-manifolds whose rank 2 points are isolated and hence finite, we denote by Σ 2 (g) the set of rank 2 points of g. Furthermore, we call the sum of the indices at points in Σ 2 (g) the number of rank 2 points of g and denote it by ♯Σ 2 (g):
Then, Stingley [28] has given a Riemann-Hurewitz type formula for oriented 4-manifolds.
Theorem 2.5 (Stingley [28, Theorem I] , see also Porter [19] and [8, §8] 
In particular, for a smooth map g : M 4 → R 4 from a closed oriented 4-manifold M 4 whose rank drops to 2 only at isolated points, we see that 
regularly homotopic to f . Then, by using f ′ , f and a regular homotopy h :
from the closed oriented 4-manifold
denotes the manifold V ′ with reversed orientation. By generically projecting this map onto R 4 , we have a smooth map G :
, since the regular homotopy h is an immersion and its generic projection has no rank 2 point. By Stingley's formula (2.3), we have ♯Σ 2 (G) = −3σ(W 4 ) and hence
by Novikov additivity. This implies that −3σ(V 4 )−♯Σ 2 ( f ) is invariant up to regular homotopy of f and gives rise to the homomorphism a : 
Milnor's immersion
Let ξ k denote the D 2 -bundle over S 2 with Euler class k ∈ Z and let E(ξ k ) denote its total space. When k is even, ξ k is isomorphic to the normal bundle of a self-transversal immersion of S 2 into R 4 [12, 18] with precisely k/2 double points (note that the double points are isolated points with signs). Hence, E(ξ k ) can be immersed in R 4 ; let f k : E(ξ k ) R 4 be such an immersion. Note that ∂E(ξ 1 ) is diffeomorphic to the 3-sphere S 3 and ∂E(ξ 2 ) is diffeomorphic to the 3-dimensional projective space RP 3 . Consider the immersion G : S 3 R 4 obtained by composing the 2-fold covering map π : S 3 → RP 3 with f 2 | ∂E(ξ2) : RP 3 R 4 . Then, our theorem is as follows.R 4 ⊂ R 5 , the Smale invariant Ω(j • G) is equal to −3 ∈ π 3 (V 5,3 ) ≈ Z.
R
4 ֒→ R 5 , the triple point invariant is defined to be the linking number modulo 3 of its image and a push-off of its double point set. For details, see Ekholm [4, §6.2], and also [4, §9.1, p. 189] (where it appears that the letter "τ " should be replaced by "λ").
Our proof of Theorem 3.1 will be based on a concrete construction in §3.1 of a singular Seifert surface for G.
3.1.
The construction of a singular Seifert surface. We identify ∂E(ξ 1 ) with S 3 and ∂E(ξ 2 ) with RP 3 . If we identify each fibre of ξ i (i = 1, 2) with the unit disc D 2 = {z ∈ C |z| ≤ 1} in the complex plane C, then the 2-fold covering map π : S 3 → RP 3 is given by
where p is a point of the common base space S 2 of the bundles ξ i (i = 1, 2) and |z| = 1.
Denote by D N the northern hemisphere of S 2 and by D S the southern hemisphere. Identify each hemisphere with the unit disc {w ∈ C |w| ≤ 1} in the complex plane C. Then, we can consider the base space S 2 as:
Then, E(ξ 1 ) can be obtained by pasting
where
To see the validity of this clutching map, we may define a small perturbation of the 0-section by (w, z) → (w, cw) on D S and (w, z) → (w, c) on D N (c being a small positive real number), and check that this perturbation has intersection number 1 against the 0-section. Similarly, we can obtain E(ξ 2 ) as
Therefore, by using π S and π N we have a well-defined map π S ∪ π N : E(ξ 1 ) → E(ξ 2 ), which coincides with π : ∂E(ξ 1 ) → ∂E(ξ 2 ) on the boundary ∂E(ξ 1 ). However, since the map π S ∪ π N has non-isolated rank 2 points along the 0-section in E(ξ 1 ), its composition with the immersion f 2 : E(ξ 2 ) R 4 is not a singular Seifert surface for the immersion
. Therefore, we shall alter the map π S ∪π N so that its composition with f 2 becomes a singular Seifert surface for G. Our idea is simple. Namely, we consider the map germ (w, z) → (w, z 2 ) as a (trivial) unfolding of z → z 2 (considering them as real map germs). An important observation is the fact that the map germ (w, z) → (w, z 2 +zw) is the versal unfolding of (w, z) → (w, z 2 ) (as a real map germ) [7, p. 187 
as shown in Figure 2 . The function ǫ will be used to perturb π S and π N fixing them near the boundary ∂E(ξ 1 ), and the function h will be used to make it possible to smoothly attach these perturbations. Define:
where ω = h(|w|)w/|w| (that is, ω = h(r)e iθ for w = re iθ ). Now we can check that
for (e iθ , z) ∈ ∂D S × D 2 . Thus, we can obtain a well-defined smooth map π := π S ∪ π N : E(ξ 1 ) → E(ξ 2 ) by gluing π S and π N . We can do this since, near the gluing part, by the conditions on h, the maps π S and π N are stationary along the normal directions of ∂D S ⊂ D S and ∂D N ⊂ D N , respectively. Now consider the composition G of π : E(ξ 1 ) → E(ξ 2 ) and the immersion
The following proposition shows that G is a singular Seifert surface for G : S To show this, we need the following lemma.
viewed as a map R 4 → R 4 , has only one rank 2 point at the origin, whose index equals 1.
(b) The map g 2 :
viewed as a map R 4 → R 4 , has only one rank 2 point at the origin, whose index equals 2.
Proof of Lemma 3.6. (a) It is known that the map g 1 has a rank 2 stable singularity called elliptic umbilic at the origin (see [7, p. 187] ).
If we put w = u + iv and z = x + iy, then we have
We can check that the Jacobian matrix Jg 1 has rank greater than 2 except at the origin.
We now compute the index ind 0 (g 1 ) at the origin. According to Definition 2.3, ind 0 (g 1 ) is equal to the degree of the map
We can check that its Jacobian matrix Jĝ 1 is non-singular everywhere and its determinant equals 16 (> 0). Therefore,ĝ 1 is an orientation-preserving diffeomorphism and hence has degree +1 around the origin. Thus, we have
(b) If we put w = u + iv and z = x + iy, then we have
Using this expression, we can check that the Jacobian matrix Jg 2 has rank 2 at the origin and rank greater than 2 elsewhere. We compute the index ind 0 (g 2 ) at the origin, according to Definition 2.3 again. The index ind 0 (g 2 ) is equal to the degree of the map
The Jacobian matrix Jĝ 2 is
Then, we can check thatĝ −1 2 (1, 0, 0, −1) = (±1, 0, 0, 0) and that (1, 0, 0, −1) is a regular value ofĝ 2 . Since the Jacobian determinants ofĝ 2 at (1, 0, 0, 0) and at (−1, 0, 0, 0) are both equal to 64 (> 0), we should count these two points with positive signs and obtain
Proof of Proposition 3.5. Since f 2 is an immersion, singular points of G = f 2 • π coincide with singular points of π.
First, since ǫ |z| 2 = 0 on a small neighbourhood of the boundary ∂E(ξ 1 ) = {(p, z) |z| = 1}, the map π := π S ∪ π N is given by (p, z) → (p, z 2 ) and hence has no singularity there.
Next, we show that the rank of the map π drops to 2 only at the two pointsthe origin of the domain D S × D . This contradicts condition (iii) on the function ǫ. Consequently, we see that π S = π| DS ×D 2 has rank 2 only at (0, 0) ∈ D S ×D 2 . By the same argument, we can show that π N = π| DN ×D 2 has rank 2 only at (0, 0) ∈ D N × D 2 . Since ǫ |z| 2 = 1 and ω = w on a small neighbourhood of these rank 2 points, these two rank 2 points are equivalent to the singularities of the maps g 1 and g 2 in Lemma 3.6, whose indices equal 1 and 2, respectively. is equal to χ(E(ξ 2 )) = χ(S 2 ) = 2. Since the covering π : S 3 → RP 3 has degree 2, the composition G = f 2 • π has normal degree D (G) = 2 · 2 = 4 (see also [18, §IV] ).
Next, we compute the Hirzebruch defect of the immersion G : S 3 R 4 by using its singular Seifert surface G : CP 
which are used in perturbing the map E(ξ 1 ) → E(ξ 4 ) : (p, z) → (p, z 4 ), respectively over the southern and the northern hemispheres of the base space S 2 . We explain below only this point, that is, how we can determine their indices. Proof. Put w = u + iv and z = x + iy.
(a) According to Definition 2.3, we need to compute the degree around the origin of the mapξ
Since the Jacobian matrix Jξ 1 is
we can check that the point (4, 0, 0, 4) is a regular value ofξ 1 and that the corresponding regular points consist of three points:
Since the Jacobian determinant |Jξ 1 | can be computed as
we see that |Jξ 1 | is positive at the three regular points above. Thus, we should count them with positive signs and have ind 0 (ξ 1 ) = +1 + 1 + 1 = 3. which is commutative up to orientation (see [13] ). Consequently, we see that Melikhov's immersion e • q : S 3 R 4 is essentially the same as the immersion G 4 = π 4 • f 4 | ∂E(ξ4) , studied in §4.1 (up to orientation). Therefore, Corollary 4.4 implies that his immersion e • q not only has non-trivial stable Hopf invariant, but also represents a generator in π S 3 ≈ Z 24 .
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